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Cau 1. (3 diém) Xét bai toan bién hén hgp cho phuong trinh truyén séng

up(x,t) = txe(x,t),x+t>0,t >0,
véi diéu kién bién u(—t,t) = 2t,t > 0, va cac diéu kién ban dau

u(x,0)=x, wu(x,0)=1,x>0.

(a) Giai bai toan trén.
(b) Vé d6 thi nghiém u(x, t) tai cac thai diém t = 1/2,1,2. Hoi u(x, 1) c6 kha vi theo x khong?

Cau 2. (4 diém) Mot thanh kim loai chiéu dai 1 c6 nhiét do trén thanh tuan theo phuong

trinh truyén nhiét voi hé sé khuéch tan 1. Néu dat hé truc toa do 1én thanh sao cho méot dau

tai goc va dau kia tai 1 thi dau tai gbc c6 nhiét d6 0, dau tai x = 1 khong tan nhiét va nhiét

d6 ban dau ctia thanh x.

(a) Thiét lap bai toan bién hén hgp cho ham nhiét do u(x, t).

(b) Giéi bai toan trén. Tinh u(1, t). Th d6 chung minh 0 < u(x,t) < 1khi0 < x < 1,y > 0.
© 1

2
(Goi y: dung nguyén ly cuc dai va ’EO GrnE1) = %.)

Cau 3. (5 diém) Xét bai toan bién cho phuong trinh Laplace trong nira dai

urx (X, y) +uyy(x,y) =0,Q = {(x,y)| 0 <x <1,y >0},

vdi diéu kién bién u,(0,y) = ux(1,y) =0khiy > 0, va u(x,0) = xkhi 0 < x < 1.
(a) V6i M > 0 xét tich phan nang lugng

1M) = [ [ (@3(x,y) + 03(x,9)dxdy, Qu = {(x,1)] 0 < x < 1,0 <y < M},
Qm

Chting minh rang, néu v(x,y) 1a hiéu ctia hai nghiém ctia bai toan trén thi
1
I(M) = / o(x, M)y (x, M)dx.
0

(b) Gia st ta chi tim nghiém théa man sup |u(x,y)| < oo, lim sup uy(x,y) = 0. Hay
x€[0,1],y>0 Y7 xel0]

chiing minh bai toan trén c6 duy nhat nghiém.

(c) Gidi bai toan trén. Hoi u(x,y) + u(1l — x,y) thdéa man bai toan nao? Tir d6 hay tinh

u(1/2,y) khiy > 0.

Chu y: Sinh vién dugc dung tai liéu cia minh, khong duogc dung tai liéu cta sinh vién khac.



DPAI HOC QUOC GIA HA NOI
DAI HOC KHOA HOC TU NHIEN

) ~ DAP AN VA THANG PIEM
DE THI KET THUC HOC KI II, NAM HOC 2014-2015
Moén thi: Phuong trinh vi phan dao ham riéng

Ma moén hoc: MAT2306-2 S6 tin chi: 3 Pésb: 1

Danh cho sinh vién khoa: K57 Nganh hoc: Toan hoc

Loi giai 1. [3 diém]
(a) Puong dac trung x = t chia mién xac dinh x +¢ > 0,¢ > 0 thanh hai mién: 0,5

Di={(x,t)]|0<t<x}vaDs={(xt)] —t<x<t}

TH1: (xo,to) € D, ta st dung cong thirc D’Alembert: 0.5

(x0+£0,0) + u(xo —to,0) 1 °f"
uix 7 uixpg — 7
0T 5 0% +5 / u(y,0)dy = xo + to.

Xo—fo

M(XO, to) =

TH2: (xo, to) € D3 ta dung hinh binh hanh c6 cac canh 1a cac duong dac trung, mot canh 0.5
nam trén dudng x = £, nhan (x, tp) 1a mot dinh ctia n6. Khi d6 bén dinh ¢6 toa do

Xo—to to— Xo Xo+to xo+to
2, 070, (0,0), (10, T

(x0,t0), (

Khi do, 4p dung cong thirc hinh binh hanh 0.5

M(Xo, t()) = 2t0.

b)Véit =1/2,1,2, vé do 0.5
thi
2t khi —t<x<t— -
u(x’ t) — ) -4 -3 -2 -1 0 1 2 3 4 5 [
x+t khix>t. N
Ham u(x,1) khong c¢6 dao ham theo x tai x = 1. 0.5




Loi giai 2. [4 diém]
(a) Thiet 1ap bai toan 1
up(x, 1) = uyx(x,t),0 < x < 1, > 0, (hé s6 khuéch tan 1)
u(0,t) = uy(1,£) = 0,t > 0, (tai x = 0 c6 nhiét d6 0, khong tan nhiét tai x = 1)
u(x,0) = x,0 < x < 1(nhiét do ban dau).
(b) Cong thuc chuodi nghiém 1
u(x,t) =Y aysin((n+ 1/2)mx)e” (1/2)° 7
n=0
vdi cac hé so 0.5
ro 8(—1)"
an:2/0 xsn’l((”+1/2)7’(x>dx:m.
Khi d6 i1 0.5
X 8o~ n+ et
L=y > "
Ll( ’ ) n;() 7T2(21’l—|—1>2
Co 0.5
u(0,t) =0,0<u(x,0)=x<1khi0<x<1,
va
d 8
0 1,t — = 1khit>0
<ul ) < = m?(2n+1)2 th=
nén theo nguyén ly cuc dai
0<u(xt)<1.
Do u(x, t) khong 1a hang nén ta c6 dpcm. 0.5
Loi giai 3. [5 diém]
(a) Do v la hai nghiém ctia bai todn nén n6 thoa man 0.5
Uxx +0yy = 0,0x(0,y) = vx(1,y) = v(x,0) = 0.
Do d¢, bang tich phan tirng phan ta c6 1.0

M1
// 02 (x,y)dxdy = //v X, Y)Uxx (X, y)dxdy,
Qm 00

M

// x,y)dxdy = / ( x, M)v,(x, M) — /v(x,y)vw(x,y)dx

0

1
Khi d6 I(M) = Ofv(x,M)vy(x, M)dx.

) iy




(b) Do
sup  |v(x,y)| < oo, lim sup vy(x,y) =0
x€[0,1],y>0 Y7 xel0,1]

nén [[(0%(x,y) +vy(x,y))dxdy = 0. Do d6 v(x,y) = const trén Q. Ma v(x,0) = 0 nén ta
Q

0.5

c6 dpem.
(c) Cong thuc chudi nghiém 1
u(x,y) =ao+ Y ane """ cos(nmx)
n=1
trong do cac hé so 1
1 1 _ 1)
aoz/ xdx:1/2,an:2/ xcos(mtx)dxzz( 1t(2 D )
0 0 n2r
Cou(x,y) +u(1 — x,y) thoa man phuong trinh Laplace va cac dieu kién bién 0.5
ux(0,y) —ux(1—0,y) = ux(L,y) —ux(1—1,y) =0,u(x,0) +u(l —x,0) = 1.
Do dé u(x,y) +u(l —x,y) =1lhayu(1/2,y) =1/2. 0.5
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